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Abstract
An intrinsic feature of turbulent flows is an enhanced rate of mixing and kinetic energy dissipa-
tion due to the rapid generation of small-scale motions from large-scale excitation. The transfer
of kinetic energy from large to small scales is commonly attributed to the stretching of vortic-
ity by the strain-rate, but strain self-amplification also plays a role. Previous treatments of this
connection are phenomenological or inexact, or cannot distinguish the contribution of vorticity
stretching from that of strain self-amplification. In this paper, an exact relationship is derived
which quantitatively establishes how intuitive multi-scale mechanisms such as vorticity stretching
and strain self-amplification together actuate the inter-scale transfer of energy in turbulence. Nu-
merical evidence validates this result and uses it to demonstrate that the contribution of strain
self-amplification to energy transfer is higher than that of vorticity stretching, but not overwhelm-
ingly so.
∗ perryj@stanford.edu
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I. INTRODUCTION
Fluid turbulence is an archetypal nonlinear multi-scale phenomenon in classical physics.
Encounters with turbulent flows are ubiquitous in both the natural sciences and engineering,
due to the small viscosities of common fluids like air and water relative to the typical sizes
and velocities in many flows. Turbulent flows are generally characterized by a continuous
spectrum of energetic length and time scales, and understanding how these scales dynam-
ically interact is a cardinal matter for turbulence modeling. The ability of turbulence to
quickly produce small scale motions from large scale excitation has traditionally been char-
acterized as a ‘cascade’ of energy, which has become a linchpin for the study of turbulence
physics [1–6].
The stretching of vorticity by the strain-rate has been traditionally viewed as the basic
mechanism by which energy is transferred from large to small scales [3, 7, 8]. In this view,
coherent regions of high rotation rate (or vorticity) are preferentially subjected to extensional
flow (positive strain-rate) along the axis of rotation. The conservation of angular momentum
requires an increase in vorticity magnitude accompanied by a decrease in cross-section. The
result is positive work done by the strain-rate on the vortex resulting in activity at smaller
length scales [9]. This concept of vortex stretching has been very influential and many
studies of inter-scale energy transfer in turbulence have focused on it [10–14].
A statistical (or global) connection has been established between the net amplfication of
vorticity by the strain-rate and the net energy transfer to small scales using the Karman-
Howarth equations [15]. While the analogy to material line stretching [7] is not perfect
because vorticity does not have the same alignment behavior as passive material lines [16–
18], the vorticity preferentially aligns with the strain-rate eigenvector having the second
largest eigenvalue, which tends to be extensional [19–22].
The statistical connection between vorticity stretching and the energy cascade is not
unique, however. An equally valid candidate mechanism is strain-rate self-amplification,
i.e., the steepening of compressive strain-rates via nonlinear self-advection [23]. The pos-
itive average vorticity stretching cannot be disentangled from positive average strain self-
amplification in homogeneous, or approximately locally homogeneous, flows [24]. Further-
more, truncated series expansions suggest that strain self-amplification contributes three
times more than vorticity stretching to inter-scale energy transfer [25, 26].
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The notion of spectral blocking in two-dimensional turbulence [27] due to the conser-
vation of enstrophy highlights in a more precise qualitative way that vorticity stretching
(which vanishes in 2D) is necessary for sustained energy transfer toward small scales. How-
ever, strain self-amplification also vanishes in 2D, and the same line of reasoning applied to
the dissipation rate demonstrates that strain self-amplification is simultaneously necessary.
Thus, this approach cannot distinguish between the contribution of vorticity stretching or
strain self-amplification to the energy ‘cascade’.
Explanations of vorticity stretching often invoke different length scales of organized strain-
rate and vorticity, but (unfiltered) velocity gradients emphasize dynamics at the smallest
scales [28]. Spatially filtered velocity gradients are more suited to describe behavior in the
inertial range where the energy ‘cascade’ is a dominant feature [29]. Previous approaches
using spatial filtering and/or velocity increments [25, 26, 30] have connected inertial range
inter-scale energy transfer with vorticity stretching and strain self-amplification, but have
essentially done so by truncating an infinite series, which leaves uncertainty regarding the
role of neglected higher-order terms.
In this paper, an exact connection is demonstrated between inter-scale energy transfer, i.e.,
the ‘energy cascade’, and spatio-temporally localized multi-scale interactions of vorticity and
strain-rate in a turbulent flow. The derived relationship is validated using direct numerical
simulations, and then it is further leveraged to reveal the true extent to which vorticity
stretching and strain self-amplification at various scales contribute to the transfer of energy
from large to small scales.
II. DERIVATION
The velocity field, u(x, t), of an incompressible turbulent flow evolves according to,
∂ui
∂t
+ uj
∂ui
∂xj
= −1
ρ
∂p
∂xi
+ ν∇2ui + fi, (1)
where ρ is the fluid mass density, ν is the kinematic viscosity of the fluid, and f is any forcing
applied to the fluid. The pressure field, p(x, t), enforces the divergence-free constraint,
∇ · u = 0. The velocity gradient tensor, Aij = ∂ui/∂xj, describes the local flow topology
in terms of strain-rate, Sij =
1
2
(Aij + Aji) and rotation-rate, Ωij =
1
2
(Aij − Aji), which can
also be expressed as the vorticity vector, ωi = ijkΩkj.
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A turbulent flow with mean kinetic energy 〈K〉 = 1
2
〈uiui〉 and mean dissipation rate
〈〉 = 2ν〈SijSij〉 is characterized by a wide range of length scales from an integral length
scale, L ∼ 〈K〉3/2〈〉−1, down to the Kolmogorov length scale, η = ν3/4〈〉−1/4. The dynamic
range of a turbulent flow increases as L/η ∼ Re3/2λ , where Reλ ∼ 〈K〉/
√
ν〈〉 is the Taylor-
scale Reynolds number.
The features of a turbulent velocity field larger than a given scale ` can be isolated using
a low-pass filter [31],
u`i = G` ? ui, F{u`i} = F{G`}F{ui}, (2)
where F{·} denotes the Fourier transform and ? denotes the convolution operator. The
superscript, ` in this case, denotes the filter width. The evolution equation for the large-
scale dynamics is obtained by filtering Eq. (1),
∂u`i
∂t
+ u`j
∂u`i
∂xj
= −1
ρ
∂p`
∂xi
+ ν∇2u`i + f
`
i −
∂σ`ij
∂xj
, (3)
where σ`ij = uiuj
`− u`iu`j represents an ‘effective stress’ on the large-scale velocity caused by
features smaller than `. The kinetic energy at scales larger than ` is defined as E`(x, t) =
1
2
u`iu
`
i , and e
`(x, t) = 1
2
σ`ii represents the kinetic energy at scales smaller than `. The large-
and small-scale energies evolve according to,
∂E`
∂t
+
∂T `i
∂xi
= u`if
`
i − Π` − E `, (4)
∂e`
∂t
+
∂t`i
∂xi
= q` + Π` − ε` (5)
where T `i and t
`
i describe spatial redistribution of large- and small-scale energy, respectively
(see [31] for more details). The molecular dissipation rate of large- and small-scale energy
is E ` = 2νS`ijS`ij and ε` = 2ν(SijSij` − S`ijS`ij), respectively. The work done by forcing on
the small scales is q` = uifi − uif i. The term Π` = −σ`ijS`ij appears in these two equations
with opposite sign, representing energy transfer between large and small scales across scale
`. If energy is injected by forcing at large scales, then for a(n) (approximately) steady
homogeneous flow with η  ` L, the energy balance becomes,
〈uifi〉 ≈ 〈u`if
`
i〉 ≈ 〈Π`〉 ≈ 〈ε`〉 ≈ 〈〉. (6)
For the present purposes, the validity of Eq. (6) defines the inertial range of scales, where
the exchange of energy across ` by Π` is from large to small scales in the mean in order to
facilitate the dissipation of kinetic energy predominantly at small scales.
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Figure 1. Unfiltered (left) and filtered (right) velocity magnitude on a slice through the 3D forced
isotropic turbulence simulation at Reλ = 400. A filter width of ` = 35η is used.
In the following, a Gaussian low-pass filter,
G`(r) = N e−|r|2/(2`2), F{G`}(k) = e−|k|2`2/2, (7)
with N = (2pi`2)−3/2, is used to derive a spatio-temporally local relationship between filtered
velocity gradients and the transfer flux of energy across ` from large to small scales. Figure
1 shows velocity magnitude on a slice in a turbulent flow before and after the application of
a Gaussian filter. It may be readily seen from Eqs. (2) and (7) that u` is the solution of the
diffusion equation,
∂u`i
∂(`2)
=
1
2
∇2u`i , u`=0i = ui(x, t), (8)
where `2 is the time-like variable. Using the definition of σij with Eq. (8), it is straightforward
to show that the effective sub-filter scale stress may be obtained as a solution of a forced
diffusion equation,
∂σ`ij
∂(`2)
=
1
2
∇2σ`ij + A`ikA`jk, σ`=0ij = 0, (9)
where A
`
ij is the filtered velocity gradient tensor.
The solution to Eq. (9), with the Gaussian kernel as the Green’s function, and can be
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written as,
σ`ij =
∫ `2
0
dθ
(
A
√
θ
ik A
√
θ
jk
√
`2−θ)
. (10)
In this way, the sub-filter stress is the collective result of contributions from velocity gra-
dient fields filtered at all scales
√
θ smaller than `. The filter at
√
`2 − θ projects these
contributions onto the larger scales.
The integrand of Eq. (10) bears some resemblance to the nonlinear model [30, 32], σ`ij ≈
`2A
`
ikA
`
jk, but differs from such previous expressions in that Eq. (10) is exact rather than
an approximate relation formed by truncating an infinite series. Furthermore, Eq. (10)
straightforwardly decomposes into scale-local and scale-nonlocal components,
σ`ij = `
2A
`
ikA
`
jk +
∫ `2
0
dθ
(
A
√
θ
ik A
√
θ
jk
φ
− A
√
θ
ik
φ
A
√
θ
jk
φ
)
, (11)
where φ =
√
`2 − θ. The first term on the right side of Eq. (11) is ‘scale-local’ because
it only involves quantities resolved at scale `. The second term involves the difference of
the filtered product and the product of filtered quantities, representing the contributions of
sub-filter scale velocity gradients to the stress. This is considered ‘scale-nonlocal’ because it
contains velocity gradients at finer scales than `. More specifically, ‘locality’ in this context
is referring to ultraviolet locality [33].
Contracting Eq. (11) with the filtered strain-rate tensor forms an expression for Π` =
−σ`ijS`ij. Then, substituting the decomposition Aij = Sij + Ωij leads to
Π` = Π`l,S + Π
`
l,Ω + Π
`
nl,S + Π
`
nl,Ω + Π
`
nl,c,
where
Π`l,S = −`2S`ijS`jkS`ki, Π`l,Ω = 14`2ω`iS
`
ijω
`
j,
Π`nl,S = −
∫ `2
0
dθ
(
S
√
θ
ik S
√
θ
jk
φ
− S
√
θ
ik
φ
S
√
θ
jk
φ
)
S
`
ij,
Π`nl,Ω =
1
4
∫ `2
0
dθ
(
ω
√
θ
i ω
√
θ
j
φ
− ω
√
θ
i
φ
ω
√
θ
j
φ
)
S
`
ij,
Π`nl,c =
∫ `2
0
dθ
(
S
√
θ
ik Ω
√
θ
jk
φ
+ Ω
√
θ
ik S
√
θ
jk
φ
)
S
`
ij.
(12)
The first two terms in (12) represent inter-scale energy transfer by scale-local strain-self
amplification (Πl,S) and scale-local vorticity stretching (Πl,Ω), respectively. By themselves,
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these two terms comprise the nonlinear model of Ref. [32] and are given the subscript ‘l’ to
denote ‘scale-local’, expressing the fact that these terms involve only quantities filtered at
scale `. The remaining three terms have the subscript ‘nl’ for ‘nonlocal’, indicating that these
quantities involve smaller scales than `. These ‘nonlocal’ terms include interactions of scales
only slightly smaller than `, so a more intricate discussion of ‘cascade’ locality is included
in the Appendix. The third and fourth terms represent the amplification by strain at scale
` of sub-filter strain (Πnl,S) and sub-filter vorticity (Πnl,Ω). The fifth term represents energy
transfer by the resolved strain-rate tensor acting on the sub-filter correlation of strain-rate
and vorticity. This energy exchange mechanism is less intuitive and has not received much
attention, with the exception of [25].
The decomposition, (12), is exact and establishes a direct relationship, at a particular
location and time in a flow, between the energy flux across scale ` and the multi-scale inter-
action of vorticity and strain. This result enables the systematic decomposition of turbulent
inter-scale energy transfer in terms of multi-scale interactions such as vorticity stretching
and strain self-amplification.
III. SIMULATION RESULTS
To leverage this result, direct numerical simulations of steady homogeneous isotropic
turbulence were performed using Eq. (1) in a triply-periodic box with forcing f specified
such that the energy in the first two wavenumber shells remains constant. Results for a
simulation with Reλ = 400 having 1024
3 points in each direction are shown here. The
range of active length scales is L/η = 460. Figure 1 illustrates the numerical simulation and
filtering procedures.
The main features of energy transfer and dissipation in the simulation are shown in Figure
2 as a function of filter width, `. For increasing filter width above η, the resolved dissipation
rate, E `, decreases sharply and most of the viscous energy dissipation is unresolved for
`  η. On the other hand, the sum of E ` and Π` is equal to the total dissipation rate
provided `  L, which indicates the the forcing f is relatively inactive at these scales, see
Eqs. (4) and (5). Thus, for a range of scales, η  ` L, the net energy transfer is equal to
the total dissipation rate and Eq. (6) is approximately satisfied.
Figure 3 shows the net contribution from each of the five terms in Eq. (12) as a function
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Figure 2. The resolved dissipation rate and the net inter-scale energy transfer as a function of scale
using a Gaussian filter on forced isotropic turbulence at Reλ = 400. The vertical dashed gray lines
indicate ` = 30η and ` = 70η = 0.15L.
of filter size. The integrals are evaluated using the trapezoidal rule with a discretization
over logarithmically distributed points in scale-space (θ) from 0.75η2 to `2 using roughly 15
points per decade. First, it is important to point out that the derived relation, Eq. (12), is
validated by the black line marked with star symbols indicating 〈Π`total〉/〈Π`〉 = 1. In other
words, this confirms verifies that the ratio of the right and left sides of Eq. (12) is exactly
unity for all filter widths. Next, consider separately each of the five terms on the right side
of Eq. (12). For ` . η, the nonlocal terms are small and the two local terms dominate.
The Betchov relation, 〈Π`l,S〉 = 3〈Π`l,Ω〉, constrains the ratio of the two local terms for any
` in homogeneous incompressible flows [24, 26]. As a consequence, scale-local strain self-
amplification is responsible for three times more net energy transfer than scale-local vorticity
stretching at any filter width.
For a range of scales approximately bounded by vertical dashed gray lines in Figures 2
and 3, the proportional contribution of each term in Eq. (12) remains fairly constant in
this range of filter widths. The results show that roughly half of the net inter-scale energy
transfer in the inertial range is accounted for by the local terms Π`l,S and Π
`
l,Ω. The other half
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Figure 3. The fraction of net energy transfer, 〈Π`〉, accomplished by the five mechanism from Eq.
(12). The horizontal dashed lines are added manually to highlight the range of scales for which
the composition of inter-scale energy transfer is approximately constant. The vertical dashed gray
lines indicate ` = 30η and ` = 70η = 0.15L.
is contributed by their nonlocal counterparts, Π`nl,S and Π
`
nl,Ω. In contrast to the scale-local
terms, the scale-nonlocal terms indicate an even division between strain amplification and
vorticity stretching on average. Due to the ‘pirouette’ effect [34], vorticity is known to align
more efficiently with larger-scale, slower evolving strain-rates than with the strain-rate at
the same scale [35, 36]. With more efficient vorticity stretching, the net inter-scale energy
transfer by scale-nonlocal interactions is more evenly balanced between the two mechanisms.
The net contribution of the cross term, Π`nl,c, is negligible in the inertial range, but
provides net backscatter at smaller scales, possibly related to the bottleneck phenomenon
[37]. This reveals an interesting similarity between 2D and 3D turbulence. Of the five
constituents in Eq. (12), only Π`nl,c is non-zero in 2D turbulence due to geometric constraints.
It is well established that 2D turbulence exhibits net backscatter [38] associated with an
‘inverse cascade’ of energy [5], with important consequences for, e.g., rotating turbulence
[39].
To summarize, the fractional contributions of net inter-scale energy transfer from each
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of the five mechanisms in the inertial range can be approximately summarized as 〈Π`l,S〉 :
〈Π`l,Ω〉 : 〈Π`nl,S〉 : 〈Π`nl,Ω〉 : 〈Π`nl,c〉 ≈ 3 : 1 : 2 : 2 : 0. Including scale-local and nonlocal terms
together, the ratio of contributions from strain self-amplification and vorticity stretching
is roughly 〈Π`S〉 : 〈Π`Ω〉 ≈ 5 : 3. This result stands in contrast to both the traditional
view which focuses only on vorticity stretching, as well as more recent views that strain
self-amplification is the dominant mechanism, including the view that over-emphasizes that
〈Π`l,S〉 : 〈Π`l,Ω〉 = 3 : 1 due to the Betchov relation [26]. The precise values found for these
relative contributions are reported in Figure 3 are not emphasized because of the limited
extent of inertial range provided by the present simulation. Reynolds number effects are
further explored in the Appendix, and future work at higher Reynolds numbers can refine
these results. Dependence on filter shape is addressed in the Appendix, and it is expected
that the main conclusions will hold for other filter shapes.
IV. CONCLUSION
In conclusion, an exact relationship between inter-scale energy transfer and multi-scale
vorticity-strain interactions is introduced and validated. This development disentangles the
respective impacts of vorticity stretching and strain self-amplification on the energy ‘cas-
cade’. Analysis of detailed simulations reveals that, while scale-local strain self-amplification
provides three times the energy transfer as scale-local vorticity stretching, it is just as im-
portant to consider multi-scale interactions. For scale-nonlocal interactions, in fact, the
net contribution by vorticity stretching and strain self-amplification is roughly equal. As a
result, strain self-amplification is responsible for more net inter-scale energy transfer than
vorticity stretching, but not overwhelmingly so. Both processes seem important in the rapid
production of small-scale motions in turbulence.
The present view of the inter-scale energy transfer will facilitate a more detailed explo-
ration of the energy cascade in turbulence. For instance, the efficiency of the cascade is
known to be quite low [40], and the present results provide a framework for future explo-
ration of how the cascade is driven by multi-scale velocity gradient dynamics [34, 36]. In
fact, the present work suggests that it may be more advantageous to pursue shell models
expressed in terms of velocity gradients [41, 42]. Also, the results shown here have focused
on the net energy transfer, but this quantity fluctuates in space and time. Analysis of fluc-
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tuations and negative transfer events, as well as investigations connecting the present work
with spatially coherent structures [43, 44], may also provide a deeper mechanistic under-
standing of turbulent dynamics. The approach outlined here can be extended to flows with
additional physics such as stratification, rotation, chemical reactions, multiple phases, and
active matter.
The insights from this approach provide guidance for advancing models for large-eddy
simulations, which are designed to provide accurate results despite under-resolution of tur-
bulent flows on coarse numerical grids [45, 46]. The stretching of sub-filter vorticity is an
appealing basis for models [47–50], but the analysis here reveals a path for improving on
such an approach.
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APPENDIX
1. Sensitivity to filter shape
The Gaussian filter shape was used extensively in this paper. It is shown here that the
results are relatively insensitive to the filter shape and thus reflect the underlying physics
of turbulence rather than peculiarities of a particular filter type. Figure 4 shows correlation
coefficients for Π computed directly from its definition with Π computed using either the
Gaussian result (Eq. (12)) or the nonlinear model of Clark [32] (first two terms of Eq. (12)).
In the Gaussian filter case (Fig. 4 top), Eq. (12) is exact and the correlation coefficient is
unity for all values of `. The Clark model still shows a relatively high degree of correlation.
For the top-hat filter (Fig. 4 middle), the Clark model shows similar correlation with the
exact values. The Gaussian model, with its added scale-nonlocal terms, shows a significant
improvement and ∼ 98% correlation for `  η. The results for the Helmholtz filter [51]
shown in the bottom panel of Fig. 4 are very similar, with correlation coeffients ∼ 96− 97%
in the inertial range. The advantage of the Clark model is that it requires no information
from scales below ` and is thus directly applicable to large-eddy simulations (LES). However,
if one were to construct an accurate model for the second term in (11), a very high fidelity
model could be obtained for subgrid stresses in large-eddy simulations.
Now that the applicability of Eq. (12) has been established for other filter types, the
sensitivity of the results shown in this paper is shown in Figure 5. It is seen that the results
for the top-hat and Helmholtz filters are remarkably similar to those of the Gaussian filter
shown in Fig. 3. Some minor discrepancies may be noted. In particular, the Helmholtz filter
leads to a larger difference between 〈Πnl,S〉 and 〈Πnl,Ω〉, but the two remain very close to
each other. Also, the scale-local terms are slightly stronger in the Helmholtz filter case. The
main conclusions are still applicable for each filter type: both vorticity stretching and strain
self-amplification contribute significantly to net inter-scale energy transfer.
This means that the conclusions drawn in this paper using Gaussian filters remain essen-
tially applicable for other filter types. It is worthwhile to mention that the spectral cut-off
filter is commonly used for analyzing turbulence. However, this is ill-advised, because the
spectral cut-off filter leads to a sub-filter stress tensor which is not positive-definite [52],
which means the sub-filter scale kinetic energy e` = 1
2
σ`kk is not guaranteed to be positive.
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Figure 4. Correlation coefficients for Π with Clark model [32] and with the Gaussian relation,
Eq. (12) for different filter shapes: (top left) Gaussian filter, (top right) top-hat filter, (bottom)
Helmholtz filter [51]. A gray dashed line indicate a correlation of one.
Indeed, negative values of e` have been demonstrated using the spectral cut-off filter [52].
Therefore, the spectral cut-off filter should not be used in this framework to investigate
kinetic energy transfer in turbulence. Instead, such investigations should be limited to non-
negative filter kernels, for which sub-filter kinetic energies are provably positive. For the
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Figure 5. Fraction of net energy transfer accomplished by each of the five mechanisms in Eq. (12)
for different filter shapes: (left) top-hat filter, (right) Helmholtz filter [51].
sake of curiosity, the same trends as shown in Figure 3 and 5 can also be seen in the case
of a spectral cut-off filter (not shown), though quantitative deviations are somewhat larger
and the correlation is noticeably poorer, see also [30].
2. Effect of Reynolds number
The results presented in this paper were computed from simulations at a relatively modest
Reλ = 400. It is now shown that the main conclusions should be expected to hold for higher
Reλ. To this end, simulations at two lower Reλ are considered alongside the Reλ = 400
results. The fractional contributions of each term are shown in Figure 6 for three different
Reynolds numbers. The resolution in terms of kmaxη ≈ 1.4 is held constant and the grid
is refined as Reλ is increased. For ` . 10η, the curves from all three simulations collapse.
Further, the curves from the highest two simulations collapse up to ` . 25η. As Reynolds
number increases. the emergence of the flat regions for each curve (inertial range) is evident.
This provides confidence, then, that the results in the investigation can be expected to hold
at higher Reλ as the inertial range widens.
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Figure 6. Percent contributions of each term in Eq. (12) to the net inter-scale energy transfer as a
function of filter width ` for the Gaussian filter. See the caption of Figs. 3 and 5 for the plot type
of each mechanism.
3. The extent of nonlocality
The decomposition (11) identifies strictly scale-local and scale-nonlocal contributions to
the energy transfer. Although the idea of the energy cascade in turbulence is quite pervasive,
it has long been recognized that the energy transfer is not completely local. The degree to
which the scale-nonlocality of energy transfer is dominated by interactions with `′ . ` or
`′  ` is an important question. This question can be addressed in the present context by
generalizing the decomposition (11),
σ`ij =
∫ `2
0
dθ A
√
ψ
ik A
√
ψ
jk
√
`2−ψ
+
∫ `′2
0
dθ
(
A
√
θ
ik A
√
θ
jk
φ
− A
√
θ
ik
φ
A
√
θ
jk
φ
)√`2−`′2
, (13)
where ψ = max {`′2, θ} and φ = √`′2 − θ. In the limit `′ = 0, the second term vanishes and
(10) is recovered. In the opposite limit `′ = `, the former decomposition, (11), into local and
nonlocal terms is recovered. For a general 0 ≤ `′ ≤ `, this expression separates stresses at
scale ` due to scales above `′ (the first term) and those below `′ (the second term). The same
steps from (11) to (12) can be followed to generalize the splitting of strain amplification and
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Figure 7. The percent of net energy flux 〈Π`〉 resolved. The lower curve represents resolution of
Π` at ` (scale-local) and the curves emanating upward and to the left represent resolution of Π` by
scales above `′.
vorticity stretching decompositions based on the scale `′. The result is presented in Figure
7. The lower curve is the sum of the two scale-local terms in Figure 3, representing the limit
`′ = `. From each ` of the lower curve, upward branching curves to the left represent the
contribution of the first term in (13) as a function of `′.
Figure 7 demonstrates the relative locality of the energy transfer. The purely local terms,
represented by the lower curve, account for roughly half of the net energy transfer when `
is in the inertial range (see also Figure 3). However, including scales down to `′ ≈ `/4, the
resolution percentage jumps to ∼ 90% or more. In this way, the steep slope of the curves
in Figure 7 underscore that the nonlocal terms in (12) are mostly determined by scales
only slightly smaller than `. This result demonstrates the concept of the ‘leaky cascade’
[9, 14, 33, 53–57] in terms of multi-scale vorticity-strain interactions.
4. Spectral blocking and strain self-amplification
In the introductory section of the main text, it is claimed that the notion of spectral
blocking demonstrates the simultaneous necessity of both vorticity stretching and strain
18
self-amplification for sustained transfer of energy from large to small scales. Here, the
classical argument of Fjortoft [27] is briefly recounted fo vorticity stretching, before an
anaologous consideration of strain self-amplification is sketched. For simplicity, consider
periodic domains such that a Fourier representation exists, following the presentation of
[58], see chapter Ib.
a. Enstrophy and spectral blocking
Consider the volume-integrated enstrophy,
Z(t) =
∫
1
2
ωiωidx =
∑
all k
1
2
|ω̂(k, t)|2 =
∑
all k
1
2
|k|2|û(k, t)|2,
then the incompressible Navier-Stokes equation leads to,
dZ
dt
=
∫
ωiSijωjdx− ν
∫
∂ωi
∂xj
∂ωi
∂xj
dx,
so that in the absence of vorticity stretching, dZ
dt
≤ 0 and Z(t) ≤ Z(t0) for t ≥ t0.
The volume integrated kinetic energy is,
E(t) =
∫
1
2
uiuidx =
∑
all k
1
2
|û(k, t)|2,
and the small-scale kinetic energy, i.e., above a certain wavenumber κ is,
E>κ(t) =
∑
|k|>κ
1
2
|û(k, t)|2.
Fjortoft’s energy bound may be obtained as follows,
E>κ(t) ≤
∑
|k|>κ
|k|2
2κ2
|û(k, t)|2 = Z>κ(t)
κ2
≤ Z>κ(t0)
κ2
.
This global (in time) bound on the energy allowed to reach high wavenumbers leads to the
notion of spectral blocking preventing the direct energy ‘cascade’ (in the absence of vorticity
stretching).
b. Dissipation rate
Consider also the volume-integrated dissipation rate,
Σ(t) =
∫
SijSijdx =
∑
all k
|Ŝ(k, t)|2 =
∑
all k
1
2
|k|2|û(k, t)|2,
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then the incompressible Navier-Stokes equation leads to,
dΣ
dt
= −
∫
2SijSjkSkidx−
∫
1
2
ωiSijωjdx− ν
∫
∂Sij
∂xk
∂Sij
∂xk
dx,
so that in the absence both vorticity stretching and strain self-amplification, dΣ
dt
< 0 and
Σ(t) ≤ Σ(t0).
Note that, like vorticity stretching, strain self-amplification vanishes everywhere in 2D.
This is easily seen by considering the two eigenvalues of the strain-rate tensor in 2D, λ1+λ2 =
0, due to incompressibility, so that SijSjkSki = λ
3
1 + λ
3
2 = 0.
Removing both vorticity stretching and strain self-amplification, the same derivation
above used for enstrophy may be obtained in terms of the dissipation rate. Further, since
vorticity stretching appears in the enstrophy and dissipation rate equations with opposite
sign, it cannot simultaneously increase both. In other words, to avoid spectral blocking, both
vorticity stretching and strain self-amplification are necessary. This is seen by considering
the dynamics of both enstrophy and dissipation rate.
In some sense, this is not a particularly interesting exercise, since we have Σ(t) = Z(t)
and,
−
∫
SijSjkSkidx =
∫
3
4
ωiSijωjdx
from the two Betchov relations [24]. Therefore, requiring vorticity stretching for the energy
‘cascade’ is equivalent to requiring strain self-amplification in the scenario considered here.
Regardless of how one looks at it, it is clear that the spectral blocking argument does not
distinguish between the contributions of vorticity stretching and strain self-amplification in
establishing the transfer of energy to small-scales. Rather, it successfully establishes the
qualitative insight that both are needed.
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